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ABSTRACT 

 

This research considering a non-linear decreasing demand inventory policies 

considering shortage backorders problem, in which the demand isknown and decreases 

exponentially, the instantaneous replenishment is made at time it  ( 1, 2,...,i n= ) where 

1 0t = , the quantity received at it  is used partly to meet accumulated shortages in the 

previous cycle from time 1is−  to it  ( 1i is t− < ) ( )2,...,i n= , and no shortages at the 

beginning (1 0t = ) and the end of the planning horizon (ns H= ).  

An algorithm based on particle swarm optimization is proposed in this research for 

solving the defined problem. The algorithm is consist of an enumerative procedure to find 

optimal number of replenishment (n*) over a particle swarm optimization to find the 

optimal set of shortage starting point of each cycle ({si*}) and the set of replenishment 

time ({ti*}). The particle representation of the problem for fixed value of n is a random key 

of (n – 1) elements, in which particle is consists of (n – 1) dimensions and each dimensions 

position is limited from 0 to 1. 

Computational testing results indicate that the proposed algorithm is outperformed 

well known method in the past for solving the same problem, i.e. Wee’s method (1995) in 

which the proposed method is able to provide smaller total cost across various testing 

problem. 

 

Keywords: Inventory Policy, Non-Linear Decreasing Demand, Shortage Backorder, 

Particle Swarm Optimization, Solution Methodology, Heuristics 
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CHAPTER 1  

INTRODUCTION 

 

1.1. TITLE 

This research is entitled “Solving Non-Linear Decreasing Demand Inventory 

Policies Considering Shortage Backorders Using Particle Swarm Optimization” 

 

1.2. RATIONALE 

Product can be categorized into two types. They are functional product such as rice, 

sugar and mineral water, and innovative product such as electronics products, automotive 

product and apparels product. Some of the innovative products demand may decrease with 

time. This might be due to the shift in customer preference or the newer developed 

technology that may replace the older products. An example for this case is the tube-

television which is being replaced by LCD or LED technology. As a result, the demand of 

the tube-television is decreasing from time to time. To the best of authors’ knowledge there 

is limited research for inventory policy problem with decreasing demand pattern (see 

Chapter 2 for detail literature reviews). 

In practical cases, there is a situation when customer order arrives but the finishes 

good are not available.  This situation is called shortage. Several researchers in the past 

have proposed inventory model considering the shortage and its solution methodology for 

several specific cases using various optimization approaches (see Chapter 2 for detail 

literature reviews). 

Particle Swarm optimization (PSO) is a population based search method proposed 

by Kennedy and Eberhart (1995), which were motivated by the group organism behavior 

such as bee swarm, fish school, and bird flock. PSO imitated the physical movements of 
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the individuals in the swarm as a searching method, altogether with its cognitive and social 

behavior as local and global exploration abilities. One of PSO advantage is its simplicity of 

its iteration step which only consists of updating two set of equations. Due to its simplicity 

and unexplored potential in the inventory policy research area, this research is trying to 

apply PSO to solve the non-linear decreasing demand inventory policies considering 

shortage backorders. 

 

1.3. PROBLEM STATEMENT 

The main problem in this research is to find an effective and efficient way on 

applying Particle Swarm Optimization to solve a non-linear decreasing demand inventory 

policies considering shortage backorders problem that is defined below. 

 

The problem is developed based following assumptions: 

a) Demand is known and decreases exponentially 

b) The replenishment is made at time it  ( 1, 2,...,i n= ) where 1 0t =  

c) Replenishment is instantaneous  

d) The quantity received at it  is used partly to meet accumulated shortages in the 

previous cycle from time 1is−  to it  ( 1i is t− < ); ( )2,...,i n=  

e) No shortages at the beginning (1 0t = ) and the end of the planning horizon (ns H= )  

 

The notations used are defined below: 

H   length of the planning horizon under consideration 

A  initial demand rate 

α  parameter of the decreasing rate of demand rate 
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( )f t  instantaneous demand rate at time t , ( ) tf t A e α−= ⋅ 0t ≥  

( )I t  inventory level at time [ ]1,i it t t +∈ which is evaluated after the replenishment arrives 

at time it  and before the replenishment arrives at time 1it +  in the thi cycle [ ]1,i it t +  

1c  ordering cost per order 

2c  holding cost per unit per unit time 

3c  shortage cost per unit per unit time  

n  number of replenishments 

it  the thi replenishment time ( 1, 2,...,i n= ) 

is  the shortage starting point of cycle i , which is the time at which the inventory level 

reaches zero in the thi cycle [ ]1,i it t + ; ( )1,2,..., 1i n= −  

 

Graphical representation of behavior of the inventory system with decreasing demand and 

shortage backorders is shown in Figure 1.  

1s 2t 2s 3s 1sn−3t 4t tn s Hn =

( )I t

Time 
01t =

 

Figure 1. Graphical Representation of the Inventory System with Decreasing Demand 

and Shortage Backorders 
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1.4. OBJECTIVES AND OUTCOME 

The overall objective of this research is to develop effective and efficient particle swarm 

optimization algorithms for solving the non-linear decreasing demand inventory policies 

considering shortage backorders problem which are able to provide high quality solutions 

in reasonable amount of computational time. This objective is achieved through the 

following sub-objectives:  

• to develop a PSO algorithm for solving the non-linear decreasing demand inventory 

policies considering shortage backorders problem, 

• to implement the computer program of the PSO algorithm for solving the non-

linear decreasing demand inventory policies considering shortage backorders 

problem, 

• to evaluate the performance of proposed method on a benchmark problems and 

compare with other methods. 

The expected outcome of this research is a research paper to be published in international 

journal. The target journal is “International Journal of Swarm Intelligence” published by 

Inderscience publisher. 

 

1.5. SIGNIFICANCE OF THIS RESEARCH 

Significance of this research: 

1. Propose a new technique for solving the non-linear decreasing demand inventory 

policies considering shortage backorders problem  

2. Broaden the applicability of particle swam optimization 
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CHAPTER 2  

LITERATURE REVIEW 

 

2.1. INVENTORY POLICY MODEL 

The first inventory policy model with  linear decreasing demand was proposed  by 

Zhao et al. (2001). They also developed heuristic approach for variable replenishment 

interval policy to solve the model. This research was followed by Goyal and Giri (2003) 

who also developed heuristic approach for variable replenishment interval policy and 

stated that their heuristic approach perform better than that of Zhao et al. (2001). 

As demand might follow non-linear pattern, several researches have proposed 

inventory policy problem for non-linear decreasing demand patterns. Yang et al. (2004) 

developed the eclectic approach for solving inventory policy problem with non-linear 

decreasing demand ( )( )2f t a bt ct= + +  under the condition that 0, 0, 0a b c≥ < > and 

2 0.b ct+ ≤ Their approach allows each cycle length to be variable (i.e. variable 

replenishment interval policy). 

In practical cases, there is a situation when customer order arrives but the finishes 

good are not available.  This situation is called shortage. Several researchers have proposed 

inventory model considering the shortage. Wee (1995) developed an exact solution method 

for inventory policy problem by considering exponentially decreasing demand pattern 

( )( )exp tf t A α−=  and shortage situation. The method allows each cycle length to be 

constant (i.e. fixed replenishment interval policy). The deterioration factor ( )θ  was 

incorporated in Wee’s model (1995). Even though the solution procedure proposed by Wee 

initially applied for deteriorating cases, the method can also be applied for non 

deteriorating cases by setting the deterioration factor equal to zero ( )0 .θ =  Benkherouf 
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(1998) investigated the method of Wee (1995) and stated that “…the procedure suggested 

by Wee is independent of the demand rate.”  

Benkherouft (1995) developed the optimal procedure under the condition that 

demand ( )f t  are decreasing over a known and finite planning horizon and ( ) ( )f t f t′  

are non-increasing in .t  Unlike Wee’s (1995) method, Benkherouft (1995) method was 

dealing with variable replenishment interval policy.  

Basically there are 2 types of inventory policy which are: fixed interval 

replenishment policy and variable replenishment interval policy. Those policies can be 

applied to several inventory models. According to Zhou et al. (2004) inventory model 

considering shortage can be group into two. They are: Inventory Followed by Shortage 

(IFS) Model and Shortage Followed by Inventory (SFI) Model. Each group consist of two 

models where the difference between two models in each group is that whether the 

shortage is allowed to be happened in the last cycle or not. (Teng et al. 1997). This 

research is dealing with IFS Model. 

 

2.2. PARTICLE SWARM OPTIMIZATION 

Particle Swarm is a population based stochastic optimization technique developed 

by Eberhart and Kennedy (1995), inspired by social behavior of bird flocking or fish 

schooling. 

Clerc (2006) states that the basic principle of PSO is a set of moving particles is 

placed inside the search space. Each particle has the following characteristics: 

- It has a position (θ) and velocity (ω). Its positions are multi-dimensional, and can be 

translated or decoded into the solution, which will be evaluated with the objective 

function (minimization or maximization). 
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- It knows its position and the objective function value of this position, but it also 

remember its best previous position or pbest (ψ). 

- It know its neighbor’s best previous position and objective function value. 

Particles have several choices to move in each period of time or iteration elapsed, 

there are: 

- Follow its own way, 

- Go towards its best previous position, 

- Go towards its neighbor’s best previous position 

The movement of particles is called velocity, that can be formulated as follow: 

 ωli(τ+1) = w(τ+1)ωlh(τ) + cp u(ψlh-θlh(τ)) + cg u(ψgh-θlh(τ))

 

(1) 

 θlh(τ+1) = θlh(τ) + ωlh(τ+1) (2) 

where τ is iteration index, l is particle index, h is dimension index, u is uniform random 

number in interval [0,1], w(τ) is inertia weight in the τth iteration, ω(τ) is velocity of l th 

particle at the hth dimension in the τth iteration, θ(τ) is position of l th particle at the hth 

dimension in the τth iteration, ψlh is personal best position (pbest) of lth particle at the hth 

dimension, ψgh is global best position (gbest) of l th particle at the hth dimension, cp is 

personal best acceleration constant, and cg is global best acceleration constant. 

Equation (2) shows that the particle position of next period  is obtained from the 

sum of the current position with the velocity of the next period. Equation (1) showed that 

the velocity of next period obtained from the sum of the times of social or cognitive 

weights (w, cp, and cg) with current velocity, pbest, and gbest. Generally, the algorithm of 

PSO will be: 

- Initialization: Determine the number of particles (N), the particle’s position (can be 

random or defined), and particle’s velocity. 

- Decode particles into solution. 
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- Evaluate the particles, based on the objective function. 

- Update pbest value, 

- Update gbest value, 

- Update velocity and position for each particle, 

- If the stopping criterion is reached, stop. Otherwise return to decoding step. 

The PSO algorithm had been proposed for solving various optimization problems 

such as Traveling Salesman Problem (Clerc, 2004), Protein Motif Discovery (Chang et al, 

2004), as well as the Vehicle Routing with Simultaneous Pickup and Delivery by Ai and 

Kachitvichyanukul (2009). 
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CHAPTER 3  

METHODOLOGY 

 

Following steps are taken to accomplished the research: 

1. Literature Survey  

• Survey state-of-the-art research related to non-linear decreasing demand 

inventory policies considering shortage backorders problem  

• Survey state-of-the-art research related to application of particle swarm 

optimization, especially on inventory policy problem  

• Select some basic ideas that can be utilized for developing an application of 

particle swarm optimization to non-linear decreasing demand inventory policies 

considering shortage backorders problem  

2. Algorithm Development  

• Develop the elements of particle swarm optimization algorithm (solution 

representation, decoding method, etc.) for solving the non-linear decreasing 

demand inventory policies considering shortage backorders problem  

• Implement the algorithm into computer program 

3. Computational Experiment 

• Select some benchmark problem on non-linear decreasing demand inventory 

policies considering shortage backorders problem  

• Run the computer program on the selected benchmark problem 

• Compare the result of proposed method with existing method in the past 
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CHAPTER 4  

MATHEMATICAL AND ALGORITHM DEVELOPMENT  

 

4.1. OPTIMIZATION PROBLEM 

 The behavior of the inventory system with decreasing demand and shortage 

backorders considered in this research is represented graphically in Figure 1. The total 

inventory cost of this system can be expressed as: 

 { } { }( )
1

1 2 3
1 1

, ,
n n

i i i i
i i

TC n s t nc c I c S
−

= =

= + +∑ ∑
 

(3) 

where 

iI  cumulative holding inventory during cycle i  ( )1,2,...,i n= , and is determined as: 

 ( ) ( )
i i i

i i

s s s

i

t t t

I I t dt f d dtτ τ= =∫ ∫ ∫
 

(4) 

iS  cumulative shortage during cycle i  ( )1,2,..., 1i n= − , and is determined as:  

 ( )( ) ( )
1 1i i

i i i

t t t

i

s s s

S I t dt f d dtτ τ
+ +

= − =∫ ∫ ∫
 

(5) 

Eq. (4) and (5) are expanded and the expansions are substituted into  Eq.(3). The  total 

inventory cost become: 

 

{ } { }( )

( ) ( ) ( ) ( ) ( ) ( )
11

1 2 3 1
1 1

, ,

i i

i i

i i

s tn n

i i i i i i
i it s

TC n s t

nc c s t F s F t dt c s t F s F t dt
+−

+
= =

=

      + − − + − +   
      

∑ ∑∫ ∫  

(6) 

 

  The optimization problem is to find number of replenishment (n), the set of 

shortage starting point of each cycle ({si}), and the set of replenishment time ({ti}) in order 

to minimize Total Cost (TC) expressed in the Eq. (6).  
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4.2. OBTAINING SHORTAGE STARTING POINT OF A CYCLE  

The shortage starting point is  of a cycle, except the last cycle, is determined based 

on the reduction cost concept which is proposed by Astanti and Luong (2009). The 

reduction cost is defined as the difference between the reduction in holding cost when 

shortage is allowed and the shortage cost that is occurred. It can be formulated as follows: 

     ( ) ( )( ) ( )( )2 2 3Maximize i i iRC c RH c RS= −
 (7)

 

      
1

Subject to

                            i i it s t +≤ ≤
    

in which: 

( )

2

i

RC   Reduction cost  in cycle i  

( ) ( ),i iRH RS  the reduction of cumulative inventory and cumulative shortage in cycle i as 

shown in figure 2.   
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( )I t

it

it

is

1it +

1it +

( )I t

( )iRH

( )iRS

 

Figure 2. Reduction in Holding Cost by Incorporating Shortage 

Shortage is allowed in the corresponding cycle if the maximum reduction cost is positive.  

The detail expression of ( )
2
iRC  is briefly discussed below (Astanti and Luong,  2009):  

( ) ( )( ) ( )( )2 2 3
i i iRC c RH c RS= −  

1 1 1

2 3= ( ) ( ) ( ) ( )
i i i

i i i

t t t

i i

s s s

c s t f t dt I t dt c S t dt
+ + +      − + −   

      
∫ ∫ ∫

1

1

2 1 1

3 1

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

i

i

i

i

t

i i i i i i

s

t

i i i

s

c t t F t t s F s F t dt

c s t F s F t dt

+

+

+ +

+

  = − + − − 
  

  − − + 
  

∫

∫
 

(8) 

 

Proposition: For each cycle i , the optimal value of is always exist and it can be 

determined as: 
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* 2 3 1

2 3

i i
i

c t c t
s

c c
++=

+                                                           
(9) 

Proof: 

We have 

( )

2 0
i

i

dRC

ds
=  

{ } { }2 3 10 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0i i i i i i i i i i i ic t f s F s s f s F s c F s s f s t f s F s+⇔ + − − + − + − − =  

2 2 3 3 1( ) ( ) ( ) ( ) 0i i i i i i i ic t f s c s f s c s f s c t f s+⇔ − − + =  

[ ] [ ]2 3 2 3 1( ) ( ) 0i i i i is f s c c f s c t c t+⇔ − + + + =  

[ ]2 3 1 2 3( ) ( ) 0i i i if s c t c t c c s+⇔ + − + =  

* 2 3 1

2 3

i i
i

c t c t
s

c c
++⇔ =

+
 

It is noted that the value of is  defined above is valid, i.e., 1i i it s t +< < . And 

when *
i is s> ,

( )

2 0
i

i

dRC

ds
< , and 

( )

2 0
i

i

dRC

ds
>  when *

i is s< . Therefore, ( )
2
iRC will be maximized 

at *
is . 

 

4.3. PARTICLE REPRESENTATION OF THE PROBLEM WITH FIXED N  

  As mentioned before, PSO is a population based search method that imitated the 

physical movements of the individuals in the swarm as a searching method. In PSO, a 

swarm of particles served as searching agent for a specific problem solution. A particle 

position is representing a solution of the problem. This section discusses how the particle 

can represent the problem. 
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  From the structure of the problem represented in Figure 1, it is clearly seen that t1 = 

0 and sn = H. Therefore, for fixed value of n, the number of independent variable is (n – 1), 

which are t2, t3, …, tn and the boundary of the decision variable is 0 < t2 < t3 < …< tn < H. 

Therefore, for fixed value of n, particle representation is random key of (n – 1) elements, 

so the particle is consists of (n – 1) dimensions, and each dimensions position is limited 

from 0 < θli < 1. The decoding step from particle position into the set of shortage starting 

point of each cycle ({si}) and the set of replenishment time ({ti}) is explained in Algorithm 

1. 

   

Algorithm 1. Decoding method 

Step 1. Sort the particle position from the smallest to the largest one.  

Step 2. Calculate [ ]i it Hθ= ⋅  

Step 3. Calculate 2 3 1

2 3

i i
i

c t c t
s

c c
++=

+
 

Example 1. Particle Representation and Decoding Method 

Consider the problem with c2 = 10, c3 = 40, and H = 4. Given n = 5, therefore the particle 

consists of n – 1 = 4 dimensions. Suppose there is a particle with position value of [0.8; 

0.4; 0.1; 0.6]. Following algorithm 1, after sorting the position value we have: 

  [ ]1 0.1θ =  

  [ ]2 0.4θ =  

  [ ]3 0.6θ =  

  [ ]4 0.8θ =  

Therefore, the value of ti can be determined consequently: 
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[ ]2 1 0.1 4 0.4t Hθ= ⋅ = ⋅ =
 

[ ]3 2 0.4 4 1.6t Hθ= ⋅ = ⋅ =
 

[ ]4 3 0.6 4 2.4t Hθ= ⋅ = ⋅ =
 

[ ]5 4 0.8 4 3.2t Hθ= ⋅ = ⋅ =
 

It is noted that t1 = 0 and s5 = H = 5. Finally, the value of si can be determined accordingly: 

  

2 1 3 2
1

2 3

10 0 40 0.4
0.32

10 40

c t c t
s

c c

+ ⋅ + ⋅= = =
+ +  

  

2 2 3 3
2

2 3

10 0.4 40 1.6
1.36

10 40

c t c t
s

c c

+ ⋅ + ⋅= = =
+ +  

  

2 3 3 4
3

2 3

10 1.6 40 2.4
2.24

10 40

c t c t
s

c c

+ ⋅ + ⋅= = =
+ +  

  

2 4 3 5
4

2 3

10 2.4 40 3.2
3.04

10 40

c t c t
s

c c

+ ⋅ + ⋅= = =
+ +  

 

Therefore, it can be concluded that particle with value of [0.8; 0.4; 0.1; 0.6] is 

corresponding with solution of the problem with {ti} = {0.0; 0.4; 1.6; 2.4; 3.2} and {si} = 

{0.32; 1.36; 2.24; 3.04; 4.00}.   

 

4.4. PARTICLE SWARM OPTIMIZATION ALGORITHM FOR THE 

PROBLEM WITH FIXED N  

The details of the PSO algorithm for solving the problem are explained below in 

Algorithm 2. In this algorithm, the particles are initialized in step 1. The iteration of 

particles movement is described by steps 2-8, in which the particles’ fitness value are 

evaluated in steps 2-3, their cognitive and social information are updated in steps 4-7, and 
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their positions are updated in step 8. Step 9 is the controlling step to repeat or stop the 

iteration.  It is noted that minθ  = 0 and maxθ  = 1. 

 

Notation 

τ  : Iteration index; 1 Tτ = …  

l  : Particle index, 1l L= …  

h  : Dimension index, 1h H= …  

u  : Uniform random number in the interval [ ]0,1  

( )w τ  : Inertia weight in the thτ  iteration 

( )lhω τ  : Velocity of the thl  particle at the thh  dimension in the thτ  iteration 

( )lhθ τ  : Position of the thl  particle at the thh  dimension in the thτ  iteration 

lhψ  : Personal best position (pbest) of the thl  particle at the thh  dimension 

ghψ  : Global best position (gbest) at the thh  dimension 

L
lhψ  : Local best position (lbest) of the thl  particle at the thh  dimension 

N
lhψ  : Near neighbor best position (nbest) of the thl  particle at the thh  dimension 

pc  : Personal best position acceleration constant 

gc  : Global best position acceleration constant 

lc  : Local best position acceleration constant 

nc  : Near neighbor best position acceleration constant 

maxθ  : Maximum position value 

minθ  : Minimum position value 
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lΘ  : Vector position of the thl  particle, [ ]1 2l l lHθ θ θ⋯  

lΩ  : Vector velocity of the thl  particle, [ ]1 2l l lHω ω ω⋯  

lΨ  : Vector personal best position of the thl  particle, [ ]1 2l l lHψ ψ ψ⋯  

gΨ  : Vector global best position, 1 2g g gHψ ψ ψ  ⋯  

L
lΨ  : Vector local best position of the thl  particle, 1 2

L L L
l l lDψ ψ ψ  ⋯  

( )lZ Θ  : Fitness value of lΘ  

FDR  : Fitness-distance-ratio 

 

Algorithm 2: PSO Algorithm for Non-Linear Decreasing Demand Inventory Policies 

Considering Shortage Backorders  

1. Initialize L  particles as a swarm, generate the thl  particle with random position lΘ  in 

the range min max,θ θ   , velocity 0lΩ =  and personal best l lΨ = Θ  for 1l L= … . Set 

iteration 1τ = . 

2. For 1l L= … , decode ( )l τΘ  to a set of solution lR  - each lR  is consists of {si} and 

{ ti} based on Algorithm 1. 

3. For 1l L= … , compute the objective function of lR , and set this value as the fitness 

value of lΘ , represented by ( )lZ Θ . 

4. Update pbest: For 1l L= … , update l lΨ = Θ , if ( ) ( )l lZ ZΘ < Ψ . 

5. Update gbest: For 1l L= … , update g lΨ = Ψ , if ( ) ( )l gZ ZΨ < Ψ . 

6. Update lbest: For 1l L= … , among all pbest from K  neighbors of the thl  particle, set 

the personal best which obtains the least fitness value to be L
lΨ . 
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7. Generate nbest: For 1l L= … , and 1h H= … , set N
lh ohψ ψ=  that maximizing fitness-

distance-ratio (FDR ) for 1o H= … . Where FDR  is defined as 

( ) ( )l o

lh oh

Z Z
FDR

θ ψ
Θ − Ψ

=
−

 which l o≠  (3.4) 

8. Update the velocity and the position of each thl  particle: 

( ) ( ) ( ) ( )1
1

T
w w T w w T

T

ττ −= + −  −
 (3.5) 

( ) ( ) ( ) ( )( ) ( )( )
( )( ) ( )( )

1lh lh p lh lh g gh lh

L N
l lh lh n lh lh

w c u c u

c u c u

ω τ τ ω τ ψ θ τ ψ θ τ

ψ θ τ ψ θ τ

+ = + − + −

+ − + −
 (3.6) 

( ) ( ) ( )1 1lh lh lhθ τ θ τ ω τ+ = + +  (3.7) 

If ( ) max1lhθ τ θ+ > , then  

( ) max1lhθ τ θ+ =  (3.8) 

( )1 0lhω τ + =  (3.9) 

If ( ) min1lhθ τ θ+ < , then  

( ) min1lhθ τ θ+ =  (3.10) 

( )1 0lhω τ + =  (3.11) 

9. If the stopping criterion is met, i.e. Tτ = , stop. Otherwise, 1τ τ= +  and return to step 

2. 

 

4.5. FINDING THE OPTIMAL NUMBER OF REPLENISHMENT (N*)  

It is noted that the optimization problem considered here is to find number of 

replenishment (n), the set of shortage starting point of each cycle ({si}), and the set of 

replenishment time ({ti}) in order to minimize Total Cost (TC) expressed in the Eq. (6). 
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PSO Algorithm presented in Algorithm 2 (Section 4.5) is able to find the best value of set 

of shortage starting point of each cycle ({si*}), and the set of replenishment time ({ti*}) 

given the fixed value of n. 

  Therefore, it is still needed to find the optimal number of replenishment (n*). This 

research proposes an enumeration technique over PSO Algorithm to tackle this situation. 

The optimal value of n can be obtained by evaluating the { } { }( ), ,i iTC n t s  from Eq. (6) 

using enumeration technique starting from 1n = . The detail enumerative procedure for 

obtaining optimal value of n is presented in Algorithm 3. 

 

Algorithm 3: Enumerative Procedure to Find n*  

1. Set n = 1. Evaluate ( )1TC n=  and set ( )* 1TC TC n= =  

2. Set n = n + 1. Use PSO algorithm (Algorithm 2) to determine the best value of { }it  and 

{ }is  and evaluate { } { }( ), ,i iTC n t s

 3.  If  { } { }( ), , *i iTC n t s TC<  then set { } { }( )* , ,i iTC TC n t s=  and go to Step 2. Otherwise, 

set * 1n n= −

 

and Stop. 
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CHAPTER 5 

RESULTS AND DISCUSSION 

 

5.1. COMPUTATIONAL EXPERIMENTS 

 The numerical examples used in this research follow the example of Wee (1995). 

The demand rate decreases exponentially following 0.98( ) 500 tf t e−= ⋅  and the ordering cost 

is $250 per order (c1), the carrying cost is $40 per unit per year (c2), the backlogged 

shortage cost is $80 per unit per year (c3) and the system operates during a prescribed 

period of 4 year (H). 

 In order to make generalization, the demand rate 0.98( ) 500 tf t e−= ⋅  is considered as 

( ) tf t A e α−= ⋅ . Therefore, the cumulative demand rate can be calculated as 

 ( )
0

( ) 1
t

t tA
F t A e dt eα α

α
− −= ⋅ = −∫  (17) 

and  

( ) 2
1

t
tA Ae At

e dt
α

α

α α α

−
−− = +∫  (18) 

Substituting equations 17 and 19 to equation 6, the total cost expression for this numerical 

example can be stated as 

{ } { }( ) ( ) ( )

( ) ( )
1

1 2 2 2
1

1
1

3 1 2 2
1

, , 1

1

i i

i

i i

i

s tn
s i i

i i i i
i

t sn
s i i

i i
i

As AtA Ae Ae
TC n s t nc c s t e

At AsA Ae Ae
c s t e

α α
α

α α
α

α α α α α

α α α α α
+

− −
−

=

− −−
− +

+
=

 
= + − − − − + + + 

 

 
− − + + − − 

 

∑

∑
   (19)
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In the computational experiments, various parameter values of c1, c2, and c3 are 

incorporated in order to observed the performance of proposed method. Nine (9) problems 

are then generated with each corresponding parameters presented in Table 1. 

  

Table 1. Problem Parameters 

 

Problem 

Problem Parameters 

1c  2c  3c  

1 250 10 40 

2 250 10 80 

3 250 10 120 

4 250 20 40 

5 250 20 80 

6 250 20 120 

7 250 40 40 

8 250 40 80 

9 250 40 120 
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5.2. DETAIL RESULT OF PROBLEM 1 

The proposed method is run with following algorithm parameters: number of 

particles (L) = 30, number of iteration (τ) = 1000, number of neighbor (K) = 5, parameter 

w(1) = 0.9, parameter w(T) = 0.4, parameter cp = 1, parameter cg = 1, parameter cl = 1, 

parameter cn = 1. 

After running 10 replications of algorithm, it is found that the best solution is found 

at n* = 6 with TC* = 2420.0. The details of si and ti are presented in Table 2. 

Table 2. Detail Results of Problem 1 

i si ti 

1 0.000000 0.248616 

2 0.310769 0.605979 

3 0.679781 1.043771 

4 1.134768 1.611264 

5 1.730388 2.428165 

6 2.602610 4.000000 

 

5.3. RESULTS AND COMPARISON 

Using the same setting as Problem 1, the remaining problems are solved. The 

results in terms of the best number of replenishment and its corresponding total cost are 

presented in Table 3. For comparison purpose, the result of the same problem solved using 

Wee’s method (1995) is presented. The detail of of si and ti are presented in Appendix 2. 
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Table 3. Computational Result in terms of (n, TC)  

Problem 

Wee’s method  

(1995) 

 

 

PSO 

1 (5; 2720.4) (6; 2420.0) 

2 (5; 2844.5) (6; 2505.4) 

3 (5; 2890.7) (6; 2536.9) 

4 (7; 3596.8) (7; 3220.1) 

5 (8; 3901.6) (8; 3448.4) 

6 (8; 4017.3) (8; 3539.2) 

7 (9; 4484.9) (9; 4031.7) 

8 (10;5112.8) (10; 4543.8) 

9 (11; 5398.3) (10; 4778.1) 

 

It is shown from Table 3 above that this proposed PSO method is outperformed 

Wee’s method (1995) in which this proposed method is able to provide smaller total cost 

across all nine testing problem.  
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CHAPTER 6  

CONCLUSION AND RECOMMENDATIONS  

 

In this research, an algorithm based on particle swarm optimization is succesfully 

develop for solving the non-linear decreasing demand inventory policies considering 

shortage backorders problem. The algorithm is consist of an enumerative procedure to find 

optimal number of replenishment (n*) over a particle swarm optimization to find the 

optimal set of shortage starting point of each cycle ({si*}) and the set of replenishment 

time ({ti*}). It is noted that the particle representation of the problem for fixed value of n is 

a random key of (n – 1) elements, in which particle is consists of (n – 1) dimensions and 

each dimensions position is limited from 0 to 1. 

When the proposed algorithm is compared with the well known method in the past 

for solving the same problem, i.e. Wee’s method (1995), it is shown that the proposed PSO 

method is outperformed Wee’s method (1995) in which this proposed method is able to 

provide smaller total cost across various testing problem. 

To broaden the application of particle swarm optimization, it is suggested in the 

future that this approach is tested over various problem in the inventory management area 

and being evaluated its performance. 
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Appendix 1. C# Program 

/*  
 * Created by SharpDevelop.  
 * User: Jin Ai  
 * Date: 3/22/2013  
 * Time: 4:24 AM  
 *  
 */  
using System ;  
using System . IO ;  
using ETLib_GLNPSO ;  
 
namespace PSO_IFS 
{  
    class  spPSO : PSO 
    {      
         
        // this part is the problem specific code  
        public spPSO( int nPar ,  int nIter ,  int nNB ,  double dwmax ,  double dwmin ,  double dcp ,  double dcg ,  double 
dcl ,  double dcn ,  int nN ) : 
            base( nIter ,  nNB ,  dwmax ,  dwmin ,  dcp ,  dcg ,  dcl ,  dcn )  
        {      
            base. SetDimension( nPar ,  nN - 1);  //set the swarm size and dimension of each particle  
        }  
         
        public override  void  DisplayResult( TextWriter t )  
        {  //updated on 22 March  
            t . WriteLine( "" );  
            t . WriteLine( "Result:" );  
            t . WriteLine( "-------" );  
            //write the position of the best particle  
            for( int i= 0;  i <this. sSwarm. pParticle [ this. sSwarm. posBest ]. Dimension ;  i ++)  
                t . WriteLine( "x({0}) = {1}" ,  i ,  this. sSwarm. pParticle [ this. sSwarm. posBest ]. BestP [ i ]);  
            t . WriteLine( "f(x) = {0}" ,  this. sSwarm. pParticle [ this. sSwarm. posBest ]. ObjectiveP );              
        }  
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        public override  double Objective( Particle P )  
        {    //updated on 22 March  
            //problem specific information  
            double H = 4;  
            double A = 500 ;  
            double alpha = 0.98 ;  
            double c1 = 250 ;  
            double c2 = 20;  
            double c3 = 120 ;  
             
            double [] X = new double[ P. Dimension ];  
            double [] t = new double[ P. Dimension + 1];  
            double [] s = new double[ P. Dimension + 1];  
             
            double obj = 0;  
            Array . Copy( P. Position ,  X ,  P . Dimension );  
           Array . Sort( X);  
             
           t [ 0]  = 0;  
           for ( int i = 0;  i < P . Dimension ;  i ++)  
                   t [ i +1]  = X [ i ]* H;  
            
           for ( int i = 0;  i < P . Dimension ;  i ++)  
                   s [ i ]  = ( c2 * t [ i ]  + c3 * t [ i +1])/( c2 + c3 );  
             
           s [ P. Dimension ]  = H ;  
            
           //evaluate the objective value  
           obj = c1 *  ( P. Dimension + 1);  
           for ( int i = 0;  i < P . Dimension + 1;  i ++)  
           {  
                   obj += c2 *  (( s[ i ]  -  t [ i ])  *  A /  alpha *  ( 1 -  Math . Exp(- alpha * s[ i ])));  
                   obj += c2 *  ( A /  alpha /  alpha *  ( Math . Exp(- alpha * t [ i ])  -  Math . Exp(- alpha * s[ i ])));  
                   obj += c2 *  ( A /  alpha *  ( t [ i ]  -  s [ i ]));  
           }  
           for ( int i = 0;  i < P . Dimension ;  i ++)  
           {  
                   obj += c3 *  (( s[ i ]  -  t [ i +1])  *  A /  alpha *  ( 1 -  Math . Exp(- alpha * s[ i ])));  
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                   obj += c3 *  ( A /  alpha /  alpha *  ( Math . Exp(- alpha * t [ i +1])  -  Math . Exp(- alpha * s[ i ])));  
                   obj += c3 *  ( A /  alpha *  ( t [ i +1]  -  s [ i ]));  
           }  
            
            return  obj ;  
        }  
     
        public override  void  InitSwarm()  
        {  
            for( int i= 0;  i <sSwarm. Member;  i ++)  
            {  
                for ( int j = 0;  j < sSwarm . pParticle [ i ]. Dimension ;  j ++)  
                {  
                    sSwarm . pParticle [ i ]. Position [ j ]  = rand . NextDouble();  //generate random number from 0 to 1  
                    sSwarm . pParticle [ i ]. Velocity [ j ]  = 0;  
                    sSwarm . pParticle [ i ]. BestP [ j ]  = sSwarm . pParticle [ i ]. Position [ j ];  
                    sSwarm . pParticle [ i ]. PosMin [ j ]  = 0;   //set the lower bound of a position  
                    sSwarm . pParticle [ i ]. PosMax[ j ]  = 1;   //set the upper bound of a position  
                }  
                sSwarm . pParticle [ i ]. ObjectiveP = 1.7E308 ;    //initialize the personal best objective value  
            }  
            sSwarm . posBest = 0;  
        }  
    }  
     
    class  Program 
    {  
        public static  void  Main( string []  args )  
        {     
            //set the PSO's parameters  
            int noPar = 30;  
            int noIter = 1000 ;  
            int noNB = 5;  
            double wMax = 0.9 ;  
            double wMin = 0.4 ;  
            double cP = 1;  
            double cG = 1;  
            double cL = 1;  
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            double cN = 1;  
            string  oFile = "PSOResult.xls" ;  
            int noRep = 10;  //number of replications  
             
            // problem specific parameters  
            int n = 0;  
            double TC_old = 0;  
            double TC_new = 0;  
             
            // starting time and finish time using DateTime data type  
            DateTime start ,  finish ;  
             
            // elapsed time using TimeSpan datatype  
            TimeSpan elapsed ;  
 
            // opening output file  
            TextWriter tw = new StreamWriter( oFile );  
            tw . WriteLine( "Number of Particle  \t {0} " ,  noPar );  
            tw . WriteLine( "Number of Iteration \t {0} " ,  noIter );  
            tw . WriteLine( "Number of Neighbor  \t {0} " ,  noNB );  
            tw . WriteLine( "Parameter wmax      \t {0} " ,  wMax);  
            tw . WriteLine( "Parameter wmin      \t {0} " ,  wMin );  
            tw . WriteLine( "Parameter cp        \t {0} " ,  cP );  
            tw . WriteLine( "Parameter cg        \t {0} " ,  cG );  
            tw . WriteLine( "Parameter cl        \t {0} " ,  cL );  
            tw . WriteLine( "Parameter cn        \t {0} " ,  cN );  
            tw . WriteLine( "Output File Name {0} " ,  oFile );  
            tw . WriteLine( "" );              
 
            for( int i= 0;  i <noRep;  i ++)  
            {  
                tw . WriteLine( "Replication {0}" ,  i +1);  
                
                n = 1;  
                TC_new = 1.7E308 ;  
                do 
                {  
                    TC_old = TC_new ;  
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                    n += 1;  
                    tw . WriteLine( "n = {0}" ,  n );  
                    //call PSO to obtain TC(n) --> keep as TC_new  
                    PSO myPSO = new spPSO( noPar ,  noIter ,  noNB ,  wMax,  wMin ,  cP ,  cG ,  cL ,  cN ,  n );  
                    myPSO . Run( tw ,  true);  
                    TC_new = myPSO . sSwarm. pParticle [ myPSO. sSwarm. posBest ]. ObjectiveP ;  
                    for( int j= 0;  j <myPSO. sSwarm. pParticle [ 0]. Dimension ;  j ++)  
                    {  
                        tw . WriteLine( "position best particle at dimension {0} is 
{ 1}" ,  j ,  myPSO. sSwarm. pParticle [ myPSO. sSwarm. posBest ]. BestP [ j ]);  
                    }  
                }  while( TC_new < TC_old );  
                //the minimum TC is TC_old at n = n - 1;  
                n - = 1;  
                tw . WriteLine( "n optimal = {0}" ,  n );  
                tw . WriteLine( "TC optimal = {0}" ,  TC_old );  
                tw . WriteLine( "" ); 

                   tw . WriteLine( "" );  
            }  
            tw . Close();  
            Console . ReadKey();  
        }  
    }  
}  
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Appendix 2. Detail Result of Computational Problem 

 
Problem 1. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $10 per unit per year  
• c3 = $40 per unit per year  
• H = 4 year  

Result 
• n = 6 replenishments  
• TC = 2420.0 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.248616 
2 0.310769 0.605979 
3 0.679781 1.043771 
4 1.134768 1.611264 
5 1.730388 2.428165 
6 2.602610 4.000000 

 
Problem 2. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $10 per unit per year  
• c3 = $80 per unit per year  
• H = 4 year  

Result 
• n = 6 replenishments  
• TC = 2505.4 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.270175 
2 0.303947 0.623965 
3 0.663967 1.057270 
4 1.106433 1.619000 
5 1.683071 2.428668 
6 2.521868 4.000000 

 
Problem 3. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
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• c2 = $10 per unit per year  
• c3 = $120 per unit per year  
• H = 4 year  

Result 
• n = 6 replenishments  
• TC = 2536.9 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.278259 
2 0.301447 0.630743 
3 0.658184 1.062409 
4 1.096095 1.622036 
5 1.665865 2.429053 
6 2.492652 4.000000 

 
Problem 4. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $20 per unit per year  
• c3 = $40 per unit per year  
• H = 4 year  

Result 
• n = 7 replenishments  
• TC = 3220.1 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.181634 
2 0.272452 0.482651 
3 0.587750 0.837336 
4 0.962129 1.269627 
5 1.423375 1.824794 
6 2.025504 2.607626 
7 2.898687 4.000000 

 
Problem 5. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $20 per unit per year  
• c3 = $80 per unit per year  
• H = 4 year  

Result 
• n = 8 replenishments  
• TC = 3448.4 

 

 



35 

 

 
 
 
 

• shortage starting points (si) and replenishment times (ti): 
i si ti 
1 0.000000 0.183752 
2 0.229690 0.437422 
3 0.489355 0.728398 
4 0.788159 1.069888 
5 1.140320 1.483847 
6 1.569728 2.011235 
7 2.121611 2.744615 
8 2.900365 4.000000 

 
Problem 6. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $20 per unit per year  
• c3 = $120 per unit per year  
• H = 4 year  

Result 
• n = 8 replenishments  
• TC = 3539.2 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.194682 
2 0.227129 0.447017 
3 0.483665 0.736422 
4 0.778548 1.076034 
5 1.125615 1.487728 
6 1.548080 2.012402 
7 2.089789 2.742904 
8 2.851756 4.000000 

 
Problem 6. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $20 per unit per year  
• c3 = $120 per unit per year  
• H = 4 year  

Result 
• n = 8 replenishments  
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• TC = 3539.2 
 
 
 
 

• shortage starting points (si) and replenishment times (ti): 
i si ti 
1 0.000000 0.194682 
2 0.227129 0.447017 
3 0.483665 0.736422 
4 0.778548 1.076034 
5 1.125615 1.487728 
6 1.548080 2.012402 
7 2.089789 2.742904 
8 2.851756 4.000000 

 
Problem 7. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $40 per unit per year  
• c3 = $40 per unit per year  
• H = 4 year  

Result 
• n = 9 replenishments  
• TC = 4031.7 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.143440 
2 0.215160 0.375525 
3 0.455707 0.637531 
4 0.728444 0.938371 
5 1.043334 1.291669 
6 1.415836 1.719849 
7 1.871856 2.263955 
8 2.460005 3.013049 
9 3.289571 4.000000 

 
Problem 8. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $40 per unit per year  
• c3 = $80 per unit per year  
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• H = 4 year  
Result 

• n = 10 replenishments  
• TC = 4543.8 

 
 

• shortage starting points (si) and replenishment times (ti): 
i si ti 
1 0.000000 0.124147 
2 0.186220 0.322991 
3 0.391376 0.543650 
4 0.619788 0.791568 
5 0.877459 1.074540 
6 1.173080 1.404320 
7 1.519940 1.799915 
8 1.939902 2.295272 
9 2.472957 2.961446 
10 3.205691 4.000000 

 
Problem 9. 
Parameter 

• 0.98( ) 500 tf t e−= ⋅   

• c1 = $250 per order  
• c2 = $40 per unit per year  
• c3 = $120 per unit per year  
• H = 4 year  

Result 
• n = 10 replenishments  
• TC = 4778.1 
• shortage starting points (si) and replenishment times (ti): 

i si ti 
1 0.000000 0.137721 
2 0.183628 0.335216 
3 0.385745 0.554341 
4 0.610540 0.800498 
5 0.863817 1.081432 
6 1.153970 1.408845 
7 1.493803 1.801701 
8 1.904334 2.294028 
9 2.423926 2.957621 
10 3.135520 4.000000 

 
 
 

 

 


